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Abstract. We are interested in the optimization of the expected value
of a function by following a steepest descent policy over a statistical
model. Such approach appears in many different model-based search
meta-heuristics for optimization, for instance in the large class of random
search methods in stochastic optimization and Evolutionary Computation. We study the case when statistical models belong to the exponential
family and the direction of maximum decrement of the expected value
is given by the natural gradient evaluated with respect to the Fisher
Information metric. When the gradient cannot be computed exactly, a
robust estimation allows to minimize the number of function evaluations
required to obtain convergence to the global optimum. Under the choice
of centered sufficient statistics, the estimation of the natural gradient
corresponds to solving a least squares regression problem for the original
function to be optimized. The correspondence between the estimation
of the natural gradient and solving a linear regression problem leads to
the definition of regularized versions of the natural gradient. We propose
a robust estimation of the natural gradient for the exponential family
based on regularized least squares.
Keywords: information geometry, regularized natural gradient, stochastic gradient descent, regularized least squares, ridge regression, lasso.
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Introduction

In this paper we focus on the robust estimation of the natural gradient in optimization and in particular in the context of model-based search, a large class of
meta-heuristics and optimization algorithms where the search for the optimum
takes place in the space of probability distributions. In model-based search a
minimizing sequence of probability distributions is generated so that probability density gets concentrated in regions of the search space that with higher
probability include the optimum of the function to be optimized.
A common unifying perspective for model-based search consists in replacing
the original optimization problem of minimizing a function f : Ω → R with the
optimization of the expected value of the original function Ep [f ], with respect to

some p is a statistical model M. The new variables of the relaxed problem are
the parameters of the statistical model, i.e., a set of probability distributions.
A minimizing sequences for Ep [f ] can be generated in different ways, for instance by iteratively sampling a probability distribution, followed by a selection
of a sub sample based on the value of the function, and finally estimating the
parameters of a new distribution, as in Estimation of Distribution Algorithms
(EDAs) [8], a broad family of black-box optimization algorithms in Evolutionary Computation. On the other hand, gradient descent is probably one of the
simplest and best known methods in optimization, with a rich history that goes
back to Cauchy. The basic idea is that of searching for the optimum iteratively,
by updating the value of the variables with a step in the direction of the gradient
of the function, that in this context corresponds to the expected value Ep [f ]. In
model-based search, in order to efficiently solve the new optimization problem,
the search is usually restricted to a lower dimensional statistical model. Notice
that the choice of the model strongly determines the presence of local minima,
since if the statistical model does not capture all the relevant interactions among
the variables of f , there may be points in M where the gradient vanishes, so
that local minima may appear, cf. [10].
In the last decade, the natural gradient has been applied successfully in
different fields, from machine learning to signal processing. In optimization,
and in particular in Evolutionary Computation, Natural Evolution Strategies
(NES) [18] are one of the first examples of a framework based on the natural
gradient for the optimization of continuous functions based on multivariate Gaussian distributions. In the more general case of statistical models that belong to
the exponential family, we refer to the geometric framework based on Stochastic
Relaxation first presented in [10], where the authors introduced Stochastic Natural Gradient Descent (SNGD), for the optimization of functions defined over
binary variables. Another related work appears in [2], where a similar framework
named Information-Geometric Optimization (IGO) is presented.
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Stochastic Relaxation based on the Exponential Family

We are interested in the optimization of a real-valued function f : Ω → R, and
according to the framework of Stochastic Relaxation [10], we replace the original
optimization problem with the minimization of Ep [f ] : M → R, where M is a
lower dimensional statistical model. It is easy to verify that under some general
assumptions on the choice of M the two problems are equivalent.
In the following, let x = (x1 , . . . , xn ) ∈ Ω be a real vector. We choose models
from the exponential family E [3] of probability distributions
(m
)
X
p(x; θ) = exp
θi Ti (x) − ψ(θ) , θi ∈ R,
(1)
i=1

P

Pm

where ψ(θ) = ln Ω exp { i=1 θi Ti (x)} is the normalizing factor, {Ti (x)}m
i=1
are the sufficient statistics, which we suppose to be linear independent, and θ is

the vector of natural parameters. The exponential family includes a large number
of models, both in the discrete and continuous case, such as Markov Random
Fields, and multivariate Gaussian distributions.
For the exponential family, the natural gradient of Eθ [f ], i.e., the gradient
evaluated with respect to the Fisher information metric I(θ), is defined as
e θ Eθ [f ] = I(θ)−1 ∇θ Eθ [f ],
∇

[∂i ∂j ψ(θ)]m
i,j=1 ,

(2)

(∂i Eθ [f ])m
i=1 ,

where I(θ) =
∇θ Eθ [f ] =
and ∂i represents the
e to
partial derivative with respect to θi . We denote the natural gradient with ∇
distinguish it from the regular vanilla gradient ∇.
Given an exponential family E parametrized by θ, the updating rule according
to the natural gradient of Eθ [f ] reads
e θt Eθt [f ],
θt+1 = θt − λ∇

where λ is the learning rate that controls the step size in the direction of the
gradient. The natural gradient, introduced by Amari [1] has been proved to be
efficient in many different learning task where the search space is given by a set
of probability distributions. The natural gradient reflects the intrinsic geometry
of the manifold of probability distributions and thus benefits of some remarkable
properties. It has better convergence properties compared to the regular gradient,
moreover it is parametric invariant, i.e., it does not depend on the choice of the
specific parameterization.
e θ [f ] is often computationally intractable for large
The exact evaluation of ∇E
n, unless we restrict M to belong to a restricted class of models. In the general
case of an exponential family, a common approach consists in replacing exact
gradients with an estimation based on a sample. For the exponential family E,
we have
m

m
∇θ Eθ [f ] = Cov(f, Ti ) i=1 ,
I(θ) = Cov(Ti , Tj ) i,j=1 .
Given a sample of observations i. i. d. with respect to θ, we can replace the exact
evaluation of natural gradient of Eθ [f ] with an estimation based on empirical
covariances. This leads to the SNGD algorithm, described in [10, 9].

3

Natural Gradient and Linear Regression

There is a strong relationship between the estimation of the natural gradient
and least squares regression, indeed the natural gradient can be evaluated as the
least squares projection of the direction of maximum decrement of Eθ [f ] onto a
tangent space of the statistical model, cf [10]. In the following we state a result,
first presented in [11], that creates a relationship between the estimation of the
natural gradient and the least squares estimator of a regression problem. Given
an exponential family E, with centered sufficient statistics {Ti } in pθ , we show
that the least squares estimator of a regression model for f , with respect to
e θ Eθ [f ] with
the {Ti } variables, corresponds for large N to the evaluation of ∇
pθ ∈ E.

Theorem 1 If the sufficient statistics {Ti } of p(x; θ) ∈ E are centered in θ, i.e.,
Eθ [Ti ] = 0, then the least squares P
estimator b
c with respect to an i. i. d. sample P
m
from p of the linear model f (x) = i=1 ci Ti (x) converges to the natural gradient
e θ Eθ [f ], as N → ∞. Similarly, I(θ)
b −1 ∇E[f
b
∇
] → c as N → ∞.

Proof. For a proof of this result see Theorem 1 in [11].

Here we supposed the sufficient statistics of E to be centered. Notice that this
is a general hypothesis, since it is always possible to center them by letting
T̄i = Ti − Eθ [Ti ]. If the sufficient statistics of the exponential family are not
only centered by also orthogonal, we can define the orthogonal estimator of the
regression coefficients under the hypothesis of orthogonal and centered variables,
which reads
!m
!m
b Ti ]
d
Cov(f,
T
)
E[f
i
e⊥
=
,
∇
θ Eθ [f ] =
b i Ti ]
d i , Ti )
E[T
Cov(T
i=1
i=1

b and Cov(·,
d ·) represent empirical means and covariances.
where E[·]
In case of binary variables, with xi ∈ {+1, −1}, and sufficient statistics that
takes the form
i.e., Ti (x) = xα , with α = (α1 , . . . , αn ) ∈ {0, 1}n
Qn of monomials,
αi
α
and x = i=1 xi , the orthogonal least squares estimator converges to the
b α X α ] = 1. Moreover, if the sufficient
regular gradient for N → ∞, since E[X
b θ Eθ [f ] and ∇
e ⊥ Eθ [f ] admit the same
statistics are orthogonal and centered, ∇
θ
e
limit equal to the natural gradient ∇θ Eθ [f ], as N → ∞. This provides a different
perspective on the estimation of the natural gradient, which is known to be
more robust than that of the regular gradient. Notice that in the latter case no
assumption on orthogonality is made.
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Robust Estimation of the Natural Gradient

As a consequence of Theorem 1 we can introduce robust techniques in the estimation of the natural gradient, with methods that comes from linear regression.
In the following, we present different estimators of the natural gradient, based
on the introduction of penalizing terms, on the shrinkage approach to covariance
matrix estimation, and on variable selection methods.
A common method to obtain a robust estimator in linear regression consists
in introducing a penalizing term in the least squares regression formula. In ridge
regression, a ℓ2 -norm regularized term is introduced in the minimization of the
residual sum of squares. This leads to the ridge regression estimator of the
natural gradient, given by the closed-form solution
h
i−1 
⊤
e rid Eθ [f ] = Cov(T
d i , Tj ) + λrid I
d
∇
Cov(f,
T
)
,
i
θ
where λrid ≥ 0 is the regularizing parameter, and I is a m × m unit matrix. Such
regularization produces a shrinkage effect on the components of the gradient,

by reducing the mean square error of the estimator, at the cost of an extra
bias. Moreover, the regularization term makes the matrix always invertible, in
particular it makes the evaluation of the gradient more robust when a limited
number of points is available compared to the number of sufficient statistics.
The estimator of the natural gradient obtained with ridge regression leads to
the definition of the regularized natural gradient evaluated with respect to the
regularized Fisher information matrix [I(θ) + λrid I], cf. [6].
The penalizing term added to the covariance matrix by ridge regression is
similar to the shrinkage estimator of the covariance matrix, discussed in [13] for
the N ≪ m setting,
h
i−1 
⊤
shr d
e shr
d
∇
)Cov(Ti , Tj ) + λshr Tb(θ)
Cov(f,
Ti ) ,
θ Eθ [f ] = (1 − λ

with λshr ∈ [0, 1], where Tb is estimator of the covariance target T (θ), usually a
low dimensional counterpart of I(θ). Such estimator has been recently applied
in model-based search to the estimation of the covariance matrix of multivariate
Gaussian distributions, see [7].
Other types of penalizing functions can be used. Another popular choice is
the ℓ1 -norm, as in the lasso algorithm for linear regression [16]. In this case the
lasso estimator is obtained by solving the following minimization problem,


!2
N
m
m
X

X
X
j
j
las
e las Eθ [f ] = arg min
∇
T
(x
)θ
−
f
(x
)
+
λ
,
|θ
|
i
i
i
θ

θ∈Rm 
j=1

i=1

i=1

with λlas > 0, where x1 , . . . , xN ∈ Ω represent the current sample. This estimator does not have a closed-form solution, however an efficient iterative implementation is available, given by the LARS algorithm, see [4]. This estimator as
been previously employed for the fitness modeling in sDEUM [17] a model-based
search algorithm in the DEUM framework [15, 14].
The lasso estimator of the natural gradient combines both shrinkage and soft
thresholding effects, i.e., some coefficients of the estimator are set to zero. This
behavior is particularly desired for model selection in a black-box setting, when
the analytic formula of the function to be optimized is unknown and a model
must be learnt from the sample. From this perspective, model selection can be
solved by linear regression, by choosing a set of sufficient statistics {Ti } of E
during the estimation of the gradient. Remember that the choice of the model
is critical in model-based search, since ignoring strong interactions among the
variables may determine the presence of local minima for Ep [f ]. This approach,
based on the correspondence of the estimation of the natural gradient and the
solution of a regression problem by least squares, allows to simultaneously solve
model selection and estimation of the natural gradient in steepest descent blackbox model-based search.
Another approach to simultaneously perform model selection and estimate
the natural gradient, which still comes from linear regression, is given by the
use of subset selection methods, cf. [5, Ch. 3]. In particular, since the number

of candidate sufficient statistics to obtain a basis for f can be infinite in the
continuos case and exponential in n in the discrete case, some greedy policy is
required. For instance, in forward subset selection variables are added one at a
time to the regression function, until the correlation between the residual and
new candidate variables is lower then a given threshold.
Finally, notice that when the number of variables is larger than the number
of points, i.e., N ≪ n, for instance when we are performing model selection and
extra candidate variables enter in the regression model, it may be efficient to
solve the regression problem in dual form, cf. [12]. Due to Theorem 1 we have
an alternative formula for the least squares estimator of ∇θ Eθ [f ] given by
⊤
⊤ −1
e ls
∇
f (x)⊤ ,
θ Eθ [f ] = A (AA )

where A is the design matrix of the observations, which is more efficient in terms
of memory usage when N ≪ n. Moreover, the dual formulation provides a setting
which allows the use of kernel methods in the estimation of the natural gradient.

5

Conclusions

The use of a regularized estimator of the natural gradient for model-based search
allows to reduce the sample size used in the estimation of the gradient, and yet
be able to find the optimum of the function with a lower number of function
evaluations. In particular it allows to obtain more robust estimations of the
gradient in presence of noise, and in the case when the regression model includes
more correlations than those encoded in the function to be optimized.
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